
Efficiencies of master, replica, and multilayer
gratings for the soft-x-ray–extreme-ultraviolet
range: modeling based on the modified integral
method and comparisons with measurements
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The near-normal-incidence efficiencies of a 2400-groove�mm holographic master grating, a replica grat-
ing, and a multilayer grating are modeled in the soft-x-ray–extreme-ultraviolet �EUV� regions and are
compared with efficiencies that are measured with synchrotron radiation. The efficiencies are calcu-
lated by the computer program PCGrate, which is based on a rigorous modified integral method. The
theory of our integral method is described both for monolayer and multilayer gratings designated for the
soft-x-ray–EUV-wavelength range. The calculations account for the groove profile as determined from
atomic force microscopy with a depth scaling in the case of the multilayer grating and an average random
microroughness �0.7 nm� for the short wavelengths. The refractive indices of the grating substrate and
coatings have been taken from different sources because of the wide range of the wavelengths �4.5–50
nm�. The measured peak absolute efficiency of 10.4% in the second diffraction order at a wavelength of
11.4 nm is achieved for the multilayer grating and is in good agreement with a computed value of�11.5%.
Rigorous modeling of the efficiencies of three similar gratings is in good overall agreement with the
measured efficiency over a wide wavelength region. Additional calculations have indicated that rela-
tively high normal incidence efficiency �of at least several percent� and large angular dispersion in the
higher orders can be achieved in the 4.5–10.5-nm range by application of various multilayer coatings.

OCIS codes: 050.1950, 050.1960, 260.7200, 310.6860, 340.7470.
1. Introduction

The development during the past decade of manufac-
turing and measurement techniques for diffraction
gratings with various groove profiles, as well as the
technology of smooth multilayer coatings for the soft-
x-ray–extreme-ultraviolet �EUV�-wavelength range,
has resulted in gratings with high experimentally
proved values of absolute efficiency for normal
incidence.1–3 The other well-developed type of dif-
fraction periodical structures with high near-normal
absolute efficiency4 are so-called Bragg–Fresnel mul-
tilayer gratings produced by etching a profile inside a
plane multilayer. Also, a careful comparison has
been carried out between the efficiencies measured
with x-ray source radiation and those rigorously cal-
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culated for several differing types of gratings: a
blazed ion-etched master grating,5 its replica that has
several coating layers,6 another replica with a mul-
tilayer MoRu–Be coating,7 and lamellar multilayer
gratings made by etching rectangular grooves in a
periodic multilayer stack.8,9 Performed research
has shown not only good agreement between theory
and experiment but also good numerical modeling
prospects for the accurate efficiency prediction for
real gratings used in the soft-x-ray–EUV-wavelength
range.

A description of diffraction grating properties in a
short-wavelength range on the basis of rigorous vec-
tor theories has been considered over a long period of
time as problematic owing to the weak numerical
convergence of the developed programs and high re-
quirements set for memory and speed of computers.10

In the soft-x-ray–EUV range an accurate account of
shading, absorption, and polarization effects and of
the other electromagnetic properties of a grating is
required along with an account of small values of the
wavelength-to-period ratio and hundreds to thou-
sands of propagating orders.11 Reliable absolute ef-



ficiency predictions for relief gratings working in
these spectral regions have become possible only af-
ter development of effective numerical methods:
differential,12,13 integral,14,15 and modal.16 How-
ever, rigorous approaches to the modeling of the grat-
ings covered with multilayer coatings, the most
promising for these regions, have additional signifi-
cant difficulties.17 For example, in Ref. 18 is the
rigorous calculation, based on the differential
method, for the ideal sawtooth profile of a grating
only with a limited number of coating layers and only
for the case of TE polarization. For Bragg–Fresnel
multilayer gratings, several rigorous models were ap-
plied successfully to the study of efficiency behavior:
the modal theory9,19,20 for lamellar gratings and the
differential theory8,21 for various ideal groove geom-
etries. Also the integral approach in the Born ap-
proximation22 was applied to different types of
gratings and linear multilayer zone plates. Re-
cently, on the basis of the rigorous modified integral
method,23 a capability has been developed to calcu-
late in the soft-x-ray–EUV spectral range the efficien-
cies of uncoated gratings,2,5 gratings with several
coating layers,6 and multilayer gratings3,7 with any
given parameters and, most important, with the real
groove profile measured by atomic force microscopy
�AFM�. A considerable improvement in computers
and the perfection of programming techniques enable
one to carry out such modeling on a desktop personal
computer by using standard operating systems.24

A comparison of the measured efficiencies and
those calculated by our integral method was pre-
sented in Ref. 25 for two gratings, a master5 and a
replica.6 In Ref. 7, when a computing model devel-
oped by its authors and a program was used,24 qual-
itative agreement between the theory and the
measured efficiency of high-efficiency multilayer
gratings at near normal incidence was achieved.
The purpose of this research, in which special atten-
tion is paid to the problems of theory and the model-
ing of the efficiencies of real gratings, is to improve
the calculated data25 and to achieve good quantita-
tive agreement between the measurements7 and the
model in a wide wavelength range and for multilayer
gratings representing the most difficult type of grat-
ing for the calculations. To achieve the latter pur-
pose, we used in the calculations based on the
modified integral method a scaled AFM groove profile
and the most accurate refractive indices of materials
covering a wide spectral range and taken from differ-
ent sources. In the modeling, both the periodic
�groove pattern� and the random component of the
averaged groove surface topography �microrough-
ness�, which strongly affect the light scattered by a
grating in the shortest wavelength range, have been
taken into account.

2. Basis of the Modified Integral Method

A real groove profile and its depth have very strong
influences on the grating efficiency for small
wavelength-to-period ratios. This is true for blazed
gratings operating in the soft-x-ray and the EUV

range,5–7 for gratings in this range with other groove
profiles,2,26 for shallow gratings designated for other
spectral ranges,27,28 and for echelle gratings.29,30 To
date the integral method23 is perhaps the only rigor-
ous method that enables one rather easily to inves-
tigate the efficiencies of gratings with real groove
profiles in any spectral range. The method is due to
the nature of the method itself, when the surface of
integration of the surface current coincides with the
real surface of the grating border. This is especially
true for the described realization of the method in
which a groove profile is represented not in a dis-
torted form, by Fourier expansion �for smoothing
edge effects10�, but in an accurate form by means of
the collocation points coinciding with points of the
real groove profile, thus enabling one to take into
account rigorously all jumps of the profile function
and its first derivative. Besides, only with such an
approach is it possible to calculate the efficiencies of
gratings with real profiles that have microroughness
fine structures that are especially important in the
soft-x-ray–EUV range.

In this section the bases of the integral method
theory are considered briefly, and the integral equa-
tion for an uncoated grating with finite conductivity
and with any arbitrary groove profile is obtained for
the case of TE polarization. A more detailed deriva-
tion of the integral equations for the case of TM po-
larization, as well as all the finite difference
expressions that are necessary for programming, can
be found in Ref. 23.

Let the plane electromagnetic wave of TE polariza-
tion fall from a semi-infinite nonabsorbent space, �,
on a periodic relief boundary, S �grating�, with a fi-
nitely conductive in general semi-infinite space, �.
The section of this surface by plane XY is described by
function f �x�. The surface, S, is infinite in the direc-
tion of axes X and Z, d is a period, � is an incident
angle �with respect to axis OY�, h is a groove depth,
and n is a vector normal to the surface �directed
from � to ��. Inside the finitely conductive metal
there is an electromagnetic field satisfying the bound-
ary conditions on surface S and there is a current
with a finite volume density. From the direction of
the � medium �y � 0� the plane electromagnetic
wave with the wave vector k�, in our case lying in the
XY plane, is propagating. In this case a wave of any
polarization can be represented as a sum of waves
with TE �p� and TM �s� polarizations. There are
only three field components �for the chosen polariza-
tion plane these are Ez, Hx, and Hy� that satisfy the
homogeneous scalar Helmholtz–Kirchhoff equation
for the medium with permittivity � and vacuum mag-
netic permeability 	0 �hereafter the case of nonmag-
netic media is considered�:


U � k2U � 0, (2.1)

where U is any field component, k � �k� � �
�
	0,
where � is a cyclic frequency. The incident field Ui at
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point M �x, y�, which is above the grating surface, can
be represented as

Ui � exp�ik��sin���x � cos���y��ez, (2.2)

where k� � k0
�
� � 2�
����0, where �0 is a wave-

length in vacuum, and ez is the direction of axis Z.
The time factor exp��i�t� hereafter is dropped.

For the basic types of polarization states, the diffrac-
tion of the incident wave results in formation of a
diffracted field of the same polarization in the space
above the grating. In the case of arbitrary polariza-
tion of the incident field the diffracted field polariza-
tion depends on the grating properties.10 The total
field in the space above the grating can be represented
as the sum of the diffracted and the incident fields:

U � Ui � Ud. (2.3)

It is possible to determine the diffracted field above
the finitely conductive grating on the assumption
that a field identical to this can arise as a result of the
existence of some current flowing in the empty space
on the surface, coinciding with the grating surface.
In the case of TE polarization an electromagnetic
field identical to the diffracted field can be induced by
the electrical surface current. The density of this
current je denoting a current je running through the
unit of contour length on surface S in plane XY, per-
pendicular to this contour, can be represented as

je � je��x � x���� y � f �x���ez, (2.4)

where the product of the Dirac delta functions ��x �
x����y� f �x��� is equal to unity at x� x� and y� f �x��
and to zero otherwise. It follows from Maxwell’s
equations for the field formed in the upper space by
this electric current that the magnetic-field ampli-
tude satisfies the nonuniform scalar-wave equation:


E � �k��2E � �i�	0 je��x � x���� y � f �x���. (2.5)

The total field and, on the basis of Eq. �2.3�, the
diffracted field that satisfies Eq. �2.5�, can be calcu-
lated as Helmholtz–Kirchhoff integrals on the closed
infinite surface, S�, taking into account the radiation
condition:

Ed � �
S�

� �
S

���x, y, s����s��ds�, (2.6)

where s� is a curvilinear coordinate along the profile
corresponding to the rectangular coordinates �x�,
f �x��� and ��s�� � �i�	0je��x � x����y � f �x���. The
elementary solution of the Helmholtz equation, func-
tion ���x, y, s��, is called the upper half-space Green’s
function.10

The integration over the entire surface, S, can be
reduced to integration over one grating period, taking
into account the quasi-periodicity property23 �Floquet
theorem� of the incident field �Eq. �2.2�� and the dif-
fracted field �Eq. �2.6��. Therefore the integral in Eq.
�2.6� can be considered as a sum of integrals over an
infinite number of grating periods. The upper half-

space Green’s function can be represented as an ex-
pansion in the plane wave series:

���x, y, s�� � ��
��

�

exp�i�n�x � x�� � i�n
�� y

� f �x������n
����2id�, (2.7)

where K� 2��d, �n� nK��0, �0� k� sin���, and �n
�

� ��k��2 � �n
2�1�2, the y components of the wave vec-

tors. The Green’s function in Eq. �2.7� represents
the radiation function of an infinite set of filiform
sources a distance d from one another and whose
radiation phase is taken into account by the exponen-
tial factor. The number of expansion terms in Eq.
�2.7� can be optimized in the numerical realization.
Thus the integral over one period is equivalent to the
integral over the entire surface, S.

Considering the quasi-periodicity and taking into
account that ds� � �1 � f �x���dx�, the integrands in
Eq. �2.6� can be replaced by new ones of the following
kind:

�� x�, f �x��� � �� x�, f �x���exp��i�0 x��

� �1 � � f �x���2�1�2,

G��x, y, s�� � exp�i�0 x���
��

�

exp�iKn�x � x��

� i�n
�� y � f �x������n

����2id�. (2.8)

Now the integral of Eq. �2.6� can be represented as an
integral taken over one grating period:

Ed � �
d

G�� x, x�, y, f �x����� x�, f �x���dx�. (2.9)

The integral in Eq. �2.9� in the case of TE polarization
describes the tangential component of the electric
field, which on the surface over which the electric
current flows must be continuous. Therefore, at the
crossing of the surface, S, by point M �x, y�, the field
described by the integral in Eq. �2.9� must be contin-
uous. This indeed takes place, because the Green’s
function logarithmic singularity present in Eqs. �2.8�
at x � x� and y � f �x�� is integrable. The total field
�Eq. �2.3�� in all the space is equal to the sum of the
fields, one of which is defined by the integral in Eq.
�2.9� and the other is the incident field �Eq. �2.2��.
Thus the limiting value of a tangential component of
the complete field E� while an observation point M
�x, y�, situated above the grating, is moving to a point
�x, f �x�� on the surface, S, is equal to the total field
value at this point:

E�� x, f �x�� � Ei� x, f �x��

� �
d

G�� x, x�, f �x�, f �x����� x�, f �x���dx�. (2.10)
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The normal derivative of the electric field for the
case of TE polarization is proportional to the
magnetic-field tangential component, which in the
presence of a surface electric current has a disconti-
nuity equal to the current density:

Ht
� � Ht

� � je, (2.11)

where Ht
� and Ht

� are the limiting values of the
magnetic-field tangential components when an obser-
vation point is approaching the surface, S, from above
and from under the surface, respectively. Hence the
discontinuity of the electric-field normal derivative
satisfies the condition

�dE�dn�� � �dE�dn�� � �i�	0 je. (2.12)

The differentiation of the value �Eq. �2.10�� along
the normal gives the half-sum of the limiting values
of the field’s normal derivative, which are obtained at
the approach of an observation point M �x, y� to a
point on the surface from below and above:

��dE�dn�� � �dE�dn����2 � dEi� x, f �x���dn

� �
d

�dG�� x, x�, f �x�, f �x����dn��� x�, f �x���dx�.

(2.13)

From this, using Eqs. �2.8�, �2.9�, and �2.12�, we ob-
tained for the normal derivative limiting value, mov-
ing an observation point to the surface, S, from above,

�dE� x, f �x���dn�� � dEi� x, f �x���dn � 0.5�

� � x�, f �x���exp�i�0 x���

�1 � � f��x���2�1�2 � �
d

�dG�

� � x, x�, f �x�, f �x����dn�

� �� x�, f �x���dx�. (2.14)

Thus the complete field value and its normal deriv-
ative in the upper medium and on the boundary with
the medium surface are expressed with one unknown
scalar function�. The diffracted field is calculated by
Eq. �2.9�. The Green’s function normal derivative,
present in Eqs. �2.13� and �2.14�, is defined as

dG�� x, x�, y, f �x����dn � �
n���

�

exp�i�0 x��

�2d�1 � f��x�2�1�2�

� �sign� f �x� � f �x���

� f��x��n��n
��exp�iKn�x

� x�� � i�n
�� f �x�

� f �x����, (2.15)

where the sign function sign � f �x� � f �x��� is equal to
1 if � f �x� � f �x��� � 0 and equal to �1 otherwise.

When the boundary conditions on the surface are
used, it is possible to determine the values of the field

and its normal derivative on the same surface in the
lower medium. In the case of TE polarization the
value of the field and its normal derivative on the
interface inside the medium are equal to the corre-
sponding values in the upper medium, Eqs. �2.10� and
�2.14�. If all the space is considered filled with sub-
stance, knowledge of the values of the field and its
normal derivative in this substance on the surface,
coincident with the initial medium interface surface,
allows one to describe the field under the surface also
by using the Helmholtz–Kirchhoff integral.23 The
Green’s function and its normal derivative in this
integral represent expressions similar to those used
for the upper space in Eqs. �2.8� and �2.15�. They are
obtained by replacement of values �n

� by the corre-
sponding values �n

� for the substance under consid-
eration:

�n
� � ��k��2 � �n

2�1�2, Im��n
�� � 0, (2.16)

where k� � k0
�
� and �� is the permittivity of the

lower medium.
The integral equations for function � are obtained

on condition that in the considered integral an obser-
vation point is moving from the lower medium onto
the surface of integration. Using Eqs. �2.10� and
�2.14�, as well as the considered boundary conditions,
we finally obtained an integral equation for determin-
ing the unknown function �:

Ei�x��2 � �
d

�G��x, x��dEi�x���dn�

� Ei�x��dG��x, x���dn��dx�

� �0.5 �
d

G��x, x����x��dx�

� 0.5 �
d

G��x, x����x��dx�

� � �
d

�G��x�, x��dG��x, x���dn�

� G��x, x��dG��x�, x���dn����x��dx�dx�,
(2.17)

where G� is the Green’s function for the lower medium
and dG��dn� and dG��dn� are taken as positive.

In the upper medium the amplitudes for diffraction
order number n can be obtained from Eq. �2.9� and
the Rayleigh expansion �see Eq. �3.3�� for the plane
waves by equating coefficients for the corresponding
harmonics:

An
� � �0.5i��d�n

�� �
d

�exp��i�n
�f �x��

� inKx���� x�, f �x����dx�. (2.18)

In practice it is very important to know an absolute
diffraction grating efficiency En

�. It is defined as
energy flux going off the grating in the nth order per
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incident energy flux unit. Then for the y component
of the Umov–Poynting vector we obtain

En
� � � An

��2�n
���i, (2.19)

where �i � cos���. When the Umov–Poynting theo-
rem is used, it is also possible to determine the energy
WA absorbed by the grating material for a time unit.
It is equal to the integral of an energy-flux density
normal component w�, taken over the lower closed
infinite surface, S:

WA � �
S�

� �
S

w�nds�, (2.20)

where w� � E� � H� is the Umov–Poynting vector
in the lower medium. Taking into account Eq. �2.5�,
the quasi-periodicity property of the field, and the
complex character of the amplitudes and their nor-
mal derivatives, it is easy to calculate the value WA
averaged over time:

EA � 0.5 �
d

Re�E��dE�dn��*��i�	0��ds�, (2.21)

where E� is a field amplitude in the lower medium
and �dE�dn��* is a conjugate-complex value of the
field amplitude normal derivative in the lower me-
dium. The value EA, normalized to the incident field
energy flux unit, added to the sum of the efficiencies
En
� of all propagating harmonics represents the gen-

eralization of the energy conservation law for a finite-
conductive grating. Knowledge of the accurate
value of EA for a grating represents one of the basic
criteria for testing the correctness and reliability of
the developed programs,24 and it is especially impor-
tant for investigations in the soft-x-ray–EUV range.

The solution of the integral equations is found by the
known method of moments �the collocation method�,
based on replacement of the integral equation by a
system of linear algebraic equations. It assumes find-
ing N values of an unknown quasi-periodic function�,
which is approximated by a step function at N points in
one period of the grating. At the realization of the
calculation for gratings with a real groove profile, it is
necessary for the correct account of the surface relief to
use the number of collocation points, which is not less
than the number of measured values of profile heights.
As a rule the number of measured points on the surface
is a hundred to several hundreds, and this does not
limit the described integral approach and the pro-
grams developed on its basis. For profiles with very
steep facets or large height differences, it is better to
choose the points for integration equidistantly along
the boundary surface as described in Ref. 23.

The developed method has a steady and fast con-
vergence for the smallest values of the wavelength-
to-period ratio �down to 10�6� and for any other
parameters. Optimizing the number of expansion
terms for the Green’s functions and their derivatives
is not required as a rule, and an account of N�2 terms
is optimal.23 Also, an explicit allocation of the loga-

rithmic singularity of the Green’s functions is not
necessary.

3. Modified Integral Method Applied to a
Multilayer Grating

When considerations similar to those applied above
for one medium boundary are used, it is possible to
write down on the basis of the second Green’s formula
and boundary conditions a system of integral equa-
tions similar to Eqs. �2.10� and �2.14� for a multilayer
grating consisting of K Sk boundaries, beginning from
the first upper boundary:

E1�s1��2 � Ei�2 � �
S1

G1
��s1, s1���dE1�s1���dn

� dEi�s1���dn�ds1�

� �
S1

�dG1
��s1, s1���dn���E1�s1��

� Ei�s1���ds1�,

Ek�sk��2 � �
Sk

Gk
��sk, sk���dEk�sk���dn�dsk�

� �
Sk

�dGk
��sk, sk���dn��Ek�sk��dsk�

� �
Sk�1

Gk�1
��sk, sk�1��

� �dEk�1�sk�1���dn�dsk�1�

� �
Sk�1

�dGk�1
��sk, sk�1���dn��

� Ek�1�sk�1��dsk�1�,

Ek�1�sk�1��2 � �
Sk�1

Gk�1
��sk�1, sk�1��

� �dEk�1�sk���dn�dsk�

� �
Sk�1

�dGk�1
��sk�1, sk�1���dn��

� Ek�1�sk�1��dsk�1� � �
Sk

Gk
��sk�1, sk��

� �dEk�sk���dn�dsk�

� �
Sk

�dGk
��sk�1, sk���dn��Ek�sk��dsk�,

EK�sK��2 � ��
SK

GK
��sK, sK���dEK�sK���dn�dsK�

� �
SK

�dGK
��sK, sK���dn��EK

��sK��dsK�,

k � 1, K � 1, (3.1)
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where Ek is a z component of the electric field for the
kth profile and the Green’s function Gk

 and its nor-
mal derivative are defined by Eqs. �2.8� and �2.15�,
taking into account the propagation constants �k,n

 

for regions lying above the � or lower � kth bound-
ary. The normal derivative of the incident field is
calculated as

dEi�s1���dn � �i��i � �0df1� x��s1����ds1��

� exp��i�if1� x��s1����, (3.2)

where f1�x��s1��� is the first profile function, and the
coordinate x��s1�� is defined by a curvilinear coordi-
nate s1�, taken on this profile. Equations �3.1� con-
tains 2K equations and 2K unknown electric fields
and their normal derivatives. For K � 2 it is possi-
ble to obtain from Eqs. �3.1� the system of integral
equations in the operator representation.31,32

In the upper medium the amplitudes for the dif-
fraction order number n can be obtained from Eqs.
�2.8�, �2.14� and the first equation in Eq. �3.1� by
equating the coefficients for the corresponding har-
monics to the coefficients of the Rayleigh expansion
for plane waves:

E1�x, y� � �
n���

�

An�exp�inKx � i�1,n
� y��. (3.3)

The amplitudes for the reflected orders are deter-
mined in this case by using

An � �0.5�d� �
S1

[(��i�1,n
���dE1�s1��dn

� dEi�s1��dn� � �dx�s1��ds1

� �df1�s1��ds1��n��1,n
� ��E1�s1�

� Ei�s1��)exp��i�1,n
� f1�s1� � inKx�s1��]ds1.

(3.4)

Efficiencies for the propagating orders are calculated
as usual from Eq. �2.19�.

A joint solution of 2K pair equations from Eqs. �3.1�
for the soft-x-ray–EUV range is a difficult but feasible
task32 for a modern personal computer. This is due
to the fast attenuation of the fields and the very
strong convergence of the created modified integral
method in the short-wavelength range.14 At the nu-
merical realization we used subroutines created for
calculations of the uncoated gratings from Section 2.
For the case of a large number of layers, additional
simplifications resulting in considerable reduction in
the requirements for RAM and calculating time can
be made at the stage of optimization of the code, for
example, with an internal program memory cache for
repetitive calculations. The developed program us-
ing the results in Sections 2 and 3 has been tested by
all known methods: by investigating convergence
with respect to the cutting-off parameter and to the
number of expansion terms of the Green’s functions
and their derivatives,23 by calculating the energy bal-
ance for finite-conducting gratings,23,29 by the reci-

procity theorem,10 by comparisons with the
reflectance of multilayer mirrors,17,33 and by repro-
ducing many published numerical10,12,13,17,18,23,30 and
experimental results1–3,5–7,24–29,34 that are discussed
further.

4. Grating Parameters and Efficiency Measurements

The investigated master5 grating was fabricated by
Spectrogon UK Ltd. �formerly Tayside Optical Tech-
nology�. The groove pattern was fabricated in fused
silica by using a holographic technique. The groove
pattern was ion-beam etched to produce an approxi-
mately triangular, blazed groove profile. The grat-
ing has 2400 grooves�mm, a concave radius of
curvature of 2.0 m, and a patterned area of 45 mm �
35 mm size. The master grating was uncoated.

The replica6 of the master grating was produced by
Hyperfine Inc. As a result of the replication process
the replica grating had an oxidized aluminum sur-
face. A thin SiO2 coating was applied to the oxidized
aluminum surface to reduce microroughness.

The surfaces of the master grating and the replica
grating were characterized by a Topometrix Explorer
Scanning Probe Microscope, a type of AFM. The
AFM images typically had 500 � 500 pixels and a
scan range of 1–20 	m �pixel size, 2–40 nm�. The
silicon probe had a pyramid shape. The base of the
pyramid was 3–6 	m in size, the height of the pyra-
mid was 10–20 	m, and the height-to-base ratio was
�3. The tip of the pyramid had a radius of curva-
ture of less than 20 nm. The AFM scans were per-
formed with the noncontact resonating mode, where
the change in the oscillation amplitude of the probe is
sensed by the instrument.

A surface topology reference sample was used to
optimize the AFM scanning parameters, to calibrate
the height scaling of the instrument, and to evaluate
the performance of the AFM. This was essential for
an accurate characterization of the gratings. The
surface topology reference sample consisted of an ar-
ray of approximately square holes fabricated on the
silicon dioxide surface of a silicon die by VLSI Stan-
dards Inc. The top surface of the die was coated
with a thin layer of platinum. The hole array had a
pitch of 3 	m and a hole depth of 18 nm.

A typical groove profile derived from the AFM im-
age with 210 points of the master grating is shown in
Fig. 1 �by curve 1�. The groove profile is approxi-
mately triangular in shape with rounded corners and
troughs and with facet angles of 2.5° and 5.5°. The
average groove height derived from the AFM images
is 7.5 nm. A typical groove profile derived from the
AFM scans �1 	m in size� of the replica grating is
shown in Fig. 1 by curve 2. An approximately tri-
angular groove profile has facet angles of 3.4° and
6.2°. The average groove depth derived from the
AFM images is 9.0 nm. These values of the facet
angles and the groove depth are larger than the cor-
responding values for the master grating. Thus the
grooves of the replica grating are deeper and the facet
angles are steeper compared with those of the master
grating.
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The microroughness was determined by integrat-
ing the power spectral density function over the
4–40-	m�1 spatial-frequency range for the AFM
data of the master grating. The rms microrough-
ness ! of the master grating was 0.32 nm. By com-
parison the microroughness of the replica grating
measured by the same type of AFM instrument in the
4–40-	m�1 frequency range was 0.7 nm, and this
implies that the replica grating is significantly
rougher than the master grating. This roughness
may result from the replication process, which for a
concave grating is at least a two-step process. Fur-
thermore the master grating was fabricated on a
fused silica surface by a holographic technique and
was ion-beam polished, while the oxidized aluminum
surface of the replica grating may contribute to its
larger microroughness.

Multilayer7 gratings were produced by application
of Mo4Ru6–Be multilayer coatings to two replicas of
the holographic master grating. Beryllium-based
multilayer coatings can provide substantial reflec-
tance at wavelengths near 11 nm. A newly devel-
oped multilayer coating, Mo4Ru6–Be, has several
beneficial properties.35 The absorber layer consists
of an alloy material with a composition of Mo4Ru6.
A normal-incidence reflectance of 69.3% at a wave-
length of 11.4 nm was achieved.35 The multilayer’s
stress, which is composition dependent, varies be-
tween �30 and �30 MPA and can be designed to be
nearly zero. Owing to the microstructural proper-
ties of the layers �the alloy layers are amorphous and
the Be layers are polycrystalline�, the coating
smoothes the high-frequency roughness of the sub-
strate. Since the efficiency of the multilayer-coated
grating in the short-wavelength region strongly de-
pends on roughness, a multilayer coating that can
smooth the grating surface is beneficial.

Such a Mo4Ru6–Be multilayer coating with 50 bi-
layers was applied to the grating substrate. The
coating was deposited by the magnetron-sputtering
technique. As determined below the total thickness

of the coating on the grating was 301.5 nm. This
coating thickness was much larger than the calcu-
lated grating average groove depth of 6.6 nm.

The efficiencies of the master, uncoated replica,
and multilayer replica gratings were measured with
the Naval Research Laboratory beamline X24C at the
National Synchrotron Light Source at the
Brookhaven National Laboratory. The synchrotron
radiation was dispersed by a monochromator that
had a resolving power of 600. Thin filters sup-
pressed the radiation from the monochromator in the
higher harmonics. The wavelength scale was estab-
lished by the geometry of the monochromator and the
absorption edges of the filters. The gratings were
oriented so that the groove facets with the larger
facet angle �measured from the surface of the grating
substrate� faced the incident beam. The incident ra-
diation was �80% polarized with the electric-field
vector in the plane of incidence. In this orientation
the electric-field vector was almost perpendicular to
the grating grooves. The 13.9° angle of incidence,
used when measuring the multilayer grating, permit-
ted observation of a wide angular range without ob-
scuration of the higher diffraction orders by the
detector.7 At fixed incident wavelengths the detec-
tor was scanned in angle about the grating. The
incident beam was �1 mm in size. Measurements
were performed at a number of fixed wavelengths in
the 10.5–13.0-nm range and in the 25–50-nm wave-
length range. From the efficiency measurements
performed at a number of fixed incident wavelengths,
it was found that the peak �2 efficiency of the mul-
tilayer grating occurred at a wavelength of 11.4 nm.
Low efficiencies7 could be measured because of the
relatively high multilayer reflectance and groove ef-
ficiency of the grating and the high sensitivity and
low background current �3 pA� of the silicon photo-
diode detector �type AXUV-100G provided by Inter-
national Radiation Detectors, Inc.�.

As an example the efficiencies of the multilayer
grating measured in different orders at an incident
wavelength of 11.37 nm are shown in Fig. 2. The
0.5° widths �at the half-peak efficiency levels� of the

Fig. 1. Groove profiles derived from the AFM images of the 2400-
groove�mm gratings: curve 1, 7.5-nm depth master AFM profile;
curve 2, 9.0-nm depth replica AFM profile; curve 3, 6.6-nm depth
scaled replica AFM profile. The depth is relative to the period.

Fig. 2. Measured efficiencies of the multilayer grating at a wave-
length of 11.37 nm. The angle of incidence is 13.9°.
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orders shown in Fig. 2 result from the 1-mm slit over
the detector.

5. Choice of an Efficiency Calculation Model and
Comparison of the Calculations with the Measurements

The modeling of three various types of gratings has
been carried out by only one computer program,
PCGrate,24 based on the modified integral method
described above. For the calculations the groove
profiles obtained in Section 4 from the averaged AFM
measurements have been used. Because the calcu-
lations were performed in a wide range of wave-
lengths from 4.5 to 50 nm, choosing the correct
refractive indices of the layer and substrate materials
was important. The refractive-index data derived
from Henke et al.,36 which are usually used for cal-
culations in the soft-x-ray–EUV range, were usable
only to as long as a wavelength of 43 nm. Near this
wavelength the real part of the refraction indices of
the materials becomes stepwise equal to unity.
Therefore, for calculations with wavelengths longer
than 43 nm, we have used the experimental values of
refractive indices from Refs. 37 and 38.

For rigorous modeling of the master grating effi-
ciency, no additional assumptions on the calculation
model were required. We used an averaged groove
profile obtained from the AFM data with subsequent
processing5 �Fig. 1� and refractive indices in the 12.5–
22.5-nm range from Ref. 36. The calculations were
performed with 210 collocation points, without opti-
mization of the numbers of expansion terms of the
Green’s functions and their normal derivatives. The
error of all calculations with respect to the total en-
ergy balance was approximately 10�4 of absolute per-
cents. Owing to the small amplitude of the random
microroughnesses and the not very short wavelength
range, the influence of microroughnesses on the effi-
ciencies for this grating was not taken into account.
The calculated curves and the data points of the mea-
sured efficiencies in the 0,  1, and  2 orders are
given for comparison in Fig. 3. For the�1 order the
difference between the measured and the calculated

values is less than 10 relative percents for all reliable
points. All compared values are in very good numer-
ical agreement, especially if one takes into account
the very small absolute efficiency values and the
strong influence of the form and the depth of a grating
profile on the efficiency in this range. The calculat-
ing time on a Dual Intel Pentium III 1-GHz, 256-
Kbyte Cache Workstation with 512 Mbyte of RAM
and a 133-MHz Bus Clock working under MS Win-
dows 2000 Pro is �13 s�point.

For development of the computational model of the
replica grating in the same wavelength range, in ad-
dition to information on the exact groove profile ob-
tained from the average AFM measurements �Fig. 1�
and the refractive indices taken from Ref. 36, we have
used some additional assumptions on the coating ma-
terials of the grating and their thicknesses. As men-
tioned above the replica grating had an aluminum
surface with a thin layer of oxide. In addition the
grating surface was coated with a thin film of SiO2 for
reduction of the microroughness. As a result the
efficiency of this grating measured as a function of
wavelength had an oscillating behavior. To deter-
mine the thickness of the Al2O3 and SiO2 layers, a
procedure based on analysis of local coincidences of
the calculated and the measured maxima for various
wavelengths in the 0 diffraction order was used.6
The thickness of Al2O3 equal to 3 nm and that of SiO2
equal to 74.3 nm were determined with an uncer-
tainty of 0.5 nm in both cases. Although the replica
grating microroughness was 2 times higher than that
of the master grating, we have neglected its effect on
the efficiency values calculated for the 12.5–22.5-nm
range. The calculated curves and the points corre-
sponding to the measured efficiency for the 0, 1, and
 2 orders are given for comparison in Fig. 4. The
general agreement in the maximum and the mini-
mum positions as well as in the efficiency values is
good. For the �1 order the rms difference in the
data for the model and the experiment is equal to
0.0039%, which is approximately a quarter of the

Fig. 3. Comparison of the measured �data points� and calculated
�curves� master grating efficiencies for the indicated diffraction
orders in the 12.5–22.5-nm wavelength range.

Fig. 4. Comparison of the measured �data points� and calculated
�curves� replica grating efficiencies for the indicated diffraction
orders in the 12.5–22.5-nm wavelength range.
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mean efficiency value for this order in the investi-
gated range. An account of the random microrough-
ness component in the calculations for the short-
wavelength part of the range would make the
efficiency values more accurate and reduce the rms
difference between the model and the experiment
data. The time required for calculation of one point
of the replica grating was manageable and ap-
proached the calculation time for the uncoated mas-
ter grating, while fast caching for repeating values
and acceleration of the code was used.

The grating most difficult for modeling was the
multilayer grating as one might expect. In this case
the average depth of modulation of the layers was
scaled to achieve the best agreement with the exper-
imental data near 11.4 nm where the efficiency was
maximal. The depth of the profile of the �replica�
grating substrate was 9.0 nm, as derived from the
AFM measurements in Section 4. During the pro-
cess of coating the grating substrate with multiple
layers to produce a multilayer grating, a smoothing of
the groove profile takes place. As a result the depth
of modulation of the upper layers decreases apprecia-
bly. Because the influence of diffraction by the up-
per layers on an absolute grating efficiency is higher
than that by the lower layers, and because there was
no information on a change in the profile modulation
depth �and the profile deformation� from one layer to
another, a model with average �with respect to all
layers� profile modulation depth was used. By scal-
ing the initial groove profile of the replica grating, a
groove profile was determined that resulted in the
smallest least-squares difference between the calcu-
lated and measured efficiencies at a wavelength of
11.4 nm. The resulting depth was 6.6 nm, which
means that the profile becomes appreciably smoother
in the upper layers. A scaled averaged groove pro-
file used in the efficiency calculations of the multi-
layer grating is shown in Fig. 1 by curve 3.

Another problem in development of the efficiency
calculation model for the multilayer grating was the
choice of the refractive indices of the layer materials
and their thicknesses. Efficiency measurements for
the multilayer grating were made in two widely sep-
arated wavelength regions. For wavelengths as
long as 40 nm, optical constants derived from Ref. 36
were used. For wavelengths longer than 40 nm the
experimental values from Refs. 37 and 38 were used.
From the maximum reflectance of a multilayer
Mo4Ru6–Be coating with 50 layers, a bilayer thick-
ness of 6.03 nm and the ratio of the beryllium layer
thickness to the bilayer thickness equal to 0.58 were
determined.7 It was also determined that the calcu-
lated efficiency in the long-wavelength range de-
pended significantly on the degree of the upper-
beryllium-layer oxidation. For example, the
efficiency in 0 and 1 orders for the unoxidized upper
beryllium layer and the completely oxidized upper
beryllium layer differ by a factor of �3 for a wave-
length of 40 nm. Since the effect of the beryllium
oxide �BeO� film thickness for short wavelengths is
insignificant, we determined the oxide film thickness

by the best agreement of the efficiency values mea-
sured in the 25–40-nm range with those calculated
with the least-squares method. The calculated
value of the BeO film thickness thus obtained is equal
with a small uncertainty to one-third of the Be layer
thickness. The model with the upper one-third oxi-
dized beryllium layer has been used in all calcula-
tions. Because of the lack of refractive indices data
for BeO in the 40.5–50-nm range, for example, in
Refs. 37 and 38, the uppermost Be layer was assumed
to be unoxidized in this wavelength range. Note
that a model with a completely oxidized upper layer
and another type of groove profile were used in cal-
culations in Ref. 7.

In the efficiency calculation model for the multi-
layer grating we have also taken into account the
effect of the random roughness component of the lay-
ers, which affects appreciably the reflectivity in the
short-wavelength range of the performed investiga-
tion. Considering the rms microroughness to be the
same for all layers and equal to ! � 0.7 nm, we
multiplied the obtained field amplitudes on the
boundaries by the Debye–Waller factor that is equal
to exp���2�! cos�"����2� in all investigated wave-
length ranges. Such an approach is not rigorous for
an accounting of the grating microroughness. The
rigorous approach is based on the integration over an
infinite number of grating periods for any �not nec-
essarily Gaussian� roughness distribution function
along the groove profiles, which excludes the oppor-
tunity to use the quasi-periodicity functions as done,
for example, in Eqs. �2.8�. However, comparisons of
these two calculation methods, carried out by us in
the investigation of the efficiency of uncoated grat-
ings in the soft-x-ray–EUV range, have shown their
practical identity, at least for the normal law of
roughness distribution and for not too large values of
their amplitudes and radii of correlation. This con-
clusion is also correct for multilayer gratings. Using
the Debye–Waller factor reduces the calculation time
by orders of magnitude, and presently it is the only
feasible approach for multilayer gratings.

On the basis of the developed model of the multi-
layer grating the calculations of its absolute efficiency
in the short-wavelength range, 11.1–12 nm �Fig.
5�b��, and in the long-wavelength range, 25–50 nm
�Fig. 6�, have been made. The curves in Fig. 5�a� and
the points in Fig. 6 denote corresponding measured
values. Comparing Fig. 5�a� with Fig. 5�b� allows
one to consider the good agreement not only of the
form and the efficiency curve position for the 0,  1,
 2,  3,  4, and  5 orders but also of their absolute
values. For example, the measured maximum effi-
ciency value for the �2 order at 10.4 nm was 10.4%,
and the corresponding calculated value was 11.5%.
Thus the difference between the theory and the ex-
periment, for this example, is �10 relative percent,
which is small considering the complexity of the
model. Still smaller, on average, differences in the
calculated and the measured efficiency values are
observed in the long-wavelength range, which one
can see in Fig. 6 for the presented curves for the 0 and

1442 APPLIED OPTICS � Vol. 41, No. 7 � 1 March 2002



 1 orders. Somewhat larger theoretical efficiency
values in Fig. 5�b� compared with the measured val-
ues in Fig. 5�a� can have several explanations. Fore-
most are the uncertainties in the refractive-index
values and the profile deformation while coating lay-
ers are deposited. The calculation time of one point
when one uses the above-mentioned computer varies
from several tens of seconds to as many as several
tens of minutes for the uncertainty lying in a range of
10�3 to 10�4 absolute percents.

6. Multilayer Grating Relative Efficiency in the
4.5–10.5-nm Range

The relative diffraction efficiency has also been cal-
culated for the model of a multilayer grating, de-
veloped in Section 5, in the wavelength range of
4.5–10.5 nm. The relative efficiency is usually de-
fined as the ratio of the absolute efficiency to the
mirror reflectivity of a grating coating. In the
shortest investigated wavelength range an absolute
grating efficiency for near to normal incidence is
approximately equal to the product of its ideal effi-
ciency obtained in an assumption of perfect conduc-
tivity of the coating material by a reflectivity of the
multilayer mirror coating the grating.17 Our in-
vestigation, which has been carried out with refrac-
tive indices taken from Henke et al.,36 basically
confirms this rule for a multilayer grating with the
real groove profile as well. Therefore it was inter-
esting and useful to derive the wavelength depen-
dence for the relative efficiency of the investigated
multilayer grating in the short-wavelength range
down to 4.5 nm. When multilayer coatings based
on such pairs as Cr–C, Be–B4C, Be–C, Be–Y, and
Mo–Y are used, it is possible to obtain in some cases
the theoretical maximum reflection for this range to
as great as 40–50%. Taking into account a micro-
roughness, ! � 0.7 nm, reflectance in practice will
be approximately two times smaller. As shown in
Fig. 7 the universal curves for the relative efficiency
of a substrate grating with a groove depth of 6.6 nm
have maxima in the 13–20% range for the negative
orders. Thus the absolute efficiency of a grating
with the appropriate coating in this range can reach
2.5–5%. These rather high values are also of par-
ticular interest because the greatest efficiency for
the shortest wavelengths in the 4.5–7-nm range are
reached in the high diffraction orders from �4 to
�6. This means that a rather high efficiency at a
high spectral resolution can be obtained for real
gratings.7

Fig. 5. Peak efficiencies �a� measured and �b� calculated at an
angle of incidence of 13.9° for the multilayer grating for the indi-
cated diffraction orders in the 11.1–12.0-nm wavelength range.

Fig. 6. Comparison of the measured �data points� and calculated
�curves�multilayer grating efficiencies for the indicated diffraction
orders in the wavelength range from 25 to 50 nm.

Fig. 7. Calculated relative efficiencies of the multilayer grating
for the indicated diffraction orders in the 4.5–10.5-nm wavelength
range.
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7. Conclusion

The efficiency calculations in the 10.5–50-nm range
are in good agreement with the measured efficiencies
not only qualitatively, but also quantitatively, when
one theoretical model for three similar gratings but of
various types is used: the master grating, the rep-
lica grating, and the multilayer grating. For exam-
ple, the most time-consuming modeling of the
multilayer grating efficiency in �2 order near 11.4
nm gives a peak value of 11.5% compared with a
measured value of 10.4%. The earlier calculated
value for this peak was equal to 14%.7 At longer
wavelengths the relative differences between the
measured and the calculated efficiencies are smaller.

It was not possible earlier to achieve such good
agreement for gratings of this spectral range with
real �measured with the help of the AFM� groove
profiles because of the lack of a suitable theory and
the difficulty in correctly choosing the calculation
model. The developed modified integral method and
the suitable computer programs, written on its basis,
allow one to carry out rather easily a detailed sys-
tematic modeling on a standard personal computer.
The rigorous calculation accounts for the real profile
of the layers and their thickness as well as suitable
refractive indices.

The analysis of the calculated curves for the mul-
tilayer grating relative efficiency in the 4.5–10.5-nm
range indicates an opportunity to achieve rather high
absolute efficiency values of 2.5–5% for the high dif-
fraction orders, from �4 to �6 in the short-
wavelength part of this range, by application of
suitable multilayer coatings �Cr–C, Be–B4C, Be–C,
Be–Y, or Mo–Y� at low levels of microroughness �0.7
nm�. This result provides good potential for design-
ing instruments with high spectral resolution in the
soft-x-ray–EUV range for the study of solar, astro-
physical, and laboratory plasmas.

Although in the present work blazed gratings with
approximately triangular groove profiles have been
considered, a related computer model24 has been ap-
plied to the analysis of multilayer laminar gratings
with rectangular groove profiles. Good agreement
was obtained between the measured and the calcu-
lated efficiencies of the multilayer laminar gratings.
The computer model has been used for optimization
of the multilayer laminar grating that will be utilized
in the Extreme Ultraviolet Imaging Spectrometer on
the Solar B spacecraft.26

This research was supported in part by NASA
project W-19513.
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